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Abstract. We prove that 

. r Pn + 1 -Pn 

limmi — < oo, 

n^oo ^log Pn(log logp„)2 

where Pn denotes the n*'^ prime. Since on average Pn+i — Pn is asymptotically 
log Pn , this shows that we can always find pairs of primes much closer together 
than the average. We actually prove a more general result concerning the set 
of values taken on by the differences p — p' between primes which includes the 
small gap result above. 



1. Introduction 

In the first paper in this series [7j we proved that, letting p„ denote the 



n 



th 



prime, 

(1.1) A^Uminf ^"+^~^" =0, 

ri^oo \ogPn 

culminating 80 years of work on this problem. Since the average spacing Pn+i — Pn 
in the sequence of primes is asymptotically logp„, this result showed for the first 
time that the prime numbers do not eventually become isolated from each other in 
the sense that there will always be pairs of primes closer than any fraction of the 
average spacing. For the history of this problem, we refer the reader to [7] and [T^ . 

The information about primes used to obtain (jl.H) is contained in the Bombieri- 
Vinogradov theorem. Let 



(1.2) e{N]q,a)= ^ ^(n), where 61 (?i) = 



ri<Ar 
n=a(mod q) 



logn, if n is prime, 
0, otherwise. 



The Bombieri- Vinogradov theorem states that for any A> {) there is a S = B{A) 
such that, for Q = N^{\ogN)-B, 

N 



(1.3) V max 



q<Q (a,q) = l 



e{N-q,a)- — 



(logiV)^- 



Thus the primes tend to be equally distributed among the arithmetic progressions 
modulo q that allow primes, and this holds for the primes up to N and at least for 
almost all the progressions with modulus q up to nearly . The principle can be 
quantified by saying that the primes have an admissible level of distribution ■& (or 
satisfy a level of distribution "i?) if ()1.3p holds for any ^ > and any e > with 

(1.4) Q^N^-<^. 

Elliott and Halberstam [3] conjectured that the primes have the maximal admis- 
sible level of distribution 1, while by the Bombieri- Vinogradov theorem we have 
immediately that 1/2 is an admissible level of distribution for the primes. In [7] 
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we proved that if the primes satisfy a level of distribution > 5 then there is an 
absolute constant Al(-d) for which 

(1.5) Pn+i — Pn < for infinitely many n. 

In particular assuming the Elliott-Halberstam conjecture (or just -d > 0.98) then 

(1.6) Pn+i ^ Pn l£ 16, for infinitely many n. 

These are surprising results because they show that going beyond an admissible 
level of distribution 1/2 implies there are infinitely often bounded gaps between 
primes, and therefore questions as hard as the twin prime conjecture can nearly be 
dealt with using this type of information. 

Since we obtained our results in 2005 there has been no further progress toward 
()1.5p , and it appears now that an extension of the Bombieri- Vinogradov theorem 
of sufficient strength to obtain bounded gaps between primes will require some 
basic new ideas. One can also pursue improving the approximations we used or 
improving the method used to detect primes, and again this now appears to require 
some essentially new idea. Our goal in this paper is to extend the current method 
as much as possible in order to obtain strong quantitative results. In particular we 
obtain the following quantitative version of (jl.ip . 

Theorem 1. The differences of consecutive primes satisfy 

(1.7) liminf ^^-J^,] — < 00. 

n^oo VlogP«(loglogp„)^ 

This result is remarkable in that it shows that there exist pairs of primes nearly 
within the square root of the average spacing. By comparison, the best result for 
large gaps between primes (TB] is that 

(log Pn ) (log log Pn ) (log log log p„ ) " ^ (log log log log Pn ) 

where 7 is Euler's constant. Thus the best large gap result produces gaps larger 
than the average by a factor a bit smaller than log log p„, while now the small 
gaps are smaller than the average by a factor a bit bigger than (logp„)^2. In 
this sense the small gap result now greatly surpasses the large gap result. (There 
are conflicting conjectures on how large the gap between consecutive primes can 
get, but all of these conjectures suggest that there can be gaps at least as large as 
c(logp„)^ for some constant c.) 

This paper is organized as follows. In Section 2 we present a generalization of 
Theorem 1 which applies to many interesting situations and which is the result 
we will prove in this paper. Unlike in [7], to obtain our results we need to take 
into account the possibility of exceptional characters associated with Landau-Siegel 
zeros. In Theorem 2 we assume that there are no Landau-Siegel zeros in a certain 
range and are able to obtain our main results including the gaps between primes in 
Theorem 1 in intervals [N, 2N] for all sufficiently large N. Next, using the Landau- 
Page Theorem we can find a sequence of ranges which avoid possible Landau-Siegel 
zeros. Thus we obtain Theorem 3 which unconditionally gives the same results as 
Theorem 2 but without being able to localize them to a dyadic interval. The proof 
of these theorems requires substantial refinements of the methods of [7 , and in 
Section 3 we will discuss some of these refinements and how they arise. The main 
technical tools needed in our proof. Theorems 4 and 5, are stated in Section 4. The 
proof of Theorems 4 and 5 take up Sections 5 through 13. In proving Theorem 
5 in our general setting we need a modified Bombieri- Vinogradov theorem which 
is the topic of Section 12. Our method, as in [7j, requires a result on the average 
of the singular series. In [7J the well-known result of Gallagher [S] was used, but 
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in our current setting this result is not applicable, and therefore in Section 14 we 
prove a new result well adapted for our needs. With Theorems 4 and 5 in hand 
together with the new singular series average result, the proof of Theorems 2 and 
3 is completed in Section 15. 

Notation. In the following c and C will denote (sufficiently) small and (sufficiently) 
large absolute positive constants, respectively, which have been chosen appropri- 
ately. This is also true for constants formed from c or C with subscripts or accents. 
We will allow these constants to be different at different occurences. Constants 
implied by pure o, O, <C symbols will be absolute, unless otherwise stated. The v 
times iterated logarithm will be denoted by logj^ N. V denotes the set of primes. 

2. A GENERALIZATION OF THEOREM 1 

Our method will allow us to prove a generalization of Theorem 1 where instead 
of seeking two neighboring primes of the form n + i, n + j with 

(2.1) l<i<j<h, h = h{n) = Cv/logn(loglogn)^ 

we look for two primes of the form n + , n + aj where (|2.ip is satisfied and 

(2.2) ^ = {aJtiC [l,n] 

is an arbitrarily given set of integers. 

We remark that an extension of this type is a trivial consequence of the prime 
number theorem if 

(2.3) h' = h\n) > (1 + c) logn, c> fixed, 

but that none of the earlier methods of Erdos 4 , Bombieri-Davenport [Tj and 
Maier [14] which produce small gaps between primes seem capable of proving a 
result of this type for any function satisfying 

(2.4) h" = h"{n) < (1 - c) logn, c> fixed. 

According to a conjecture of de Polignac |,20j from 1849, every even number may 
be written as the difference of two primes. Although we know that this is true 
for almost all even numbers, there is no known way to specify these values. Our 
generalization makes a first step in this direction by proving that we can explicitly 
find sparse sequences A such that infinitely many of the elements 

(2.5) A- A 
are differences of two primes, i.e. 

(2.6) \{V-V)r\{A-A)\ = oo. 

(Here we make use of the usual notation that for sets A and B, A — B = {a — b : 
a G A,b € B}.) Some sequences for which our method applies are: 

(2.7) A = {fc"}^=i, fc > 2 fixed (fc e N), 

(2.8) A = {k''^+y^}T,v=i, k>2 fixed (fc G N), 

(2.9) A = {fc-''^'''^^}^!, fc > 2 fixed (fc e N), 
where the value set 7?. = {r e N; 3x,y : f{x,y) ~ r} satisfies 

(2.10) n{X) = \{m; m < X, m € 7^}| > C'Vxiog^ X 

(this would happen e.g. for f(x,y) = x'^ + y'" with arbitrary m > 2, and for 
f{x, y) = x^ + y^), or in general any set of type 

(2.11) A = {k''qf^i, fc > 2 fixed (fc e N), 
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if 7?. = {rjjj^i C N satisfies the density condition (|2.10p . Among these sets the 
only trivial one is 2™ , that is ()2.7p for fc = 2 which has [log X/ log 2] elements below 
X, thereby corresponding to the case p.3|) . 

Unfortunately, the possible existence of Landau-Siegel zeros (cf. Section 12) 
makes it impossible to formulate a localized version of our result for all n S N 
satisfying the conditions (|2.ip and (|2.2p . Even in the special case when A is an in- 
terval we cannot guarantee the existence of gaps of size 0(VIoglVlog2iV) between 
primes in any interval of type [N, 2N] for any large N. 

The first formulation of our main result assumes there are no exceptional 
characters in a certain range. (This is Hypothesis S{Y) from Section 12, with 
Y = Y{N) = exp(3VIoglV).) 

Theorem 2. Let us suppose that an N > Nq is given such that for any real 
primitive character x mod q, q < exp(3\/log A^) we have 

(2.12) L{s,x)^0 for se fl-— =L=,1 



9VloglV' 

Let A An = {o-iji^i ^ n N fee arbitrary {a^ ^ aj) with 

(2.13) h > Cv/log7Vlog2 N, 

where C is an appropriate absolute constant. Then there exists n G [N, 2N] such 
that at least two numbers of the form 

(2.14) n + ai, n + Oj, (1 < i < j < /i), 
are primes. 

In Section 12 we show that (j2.12|) . i.e. Conjecture S{Y{N)), is true for an infinite 
sequence N = Nn — )■ oo, and thus Theorem [2] implies Theorem [T] by choosing 
N = N„ and 

(2.15) A^AN = {l,2,...,h} 

with h — [C-yioglVlog2 N~\ . A more general formulation of this result which covers 
the special cases mentioned in (|2.7p - (|2.9p and (|2.1ip as well as Theorem [T] can be 
stated as follows. 

Theorem 3. Let A C'M be an arbitrary sequence satisfying 

(2.16) A{N) = \{n;n< N,n e A}\ > C y/log N \ogl N for N > Nq. 

Then infinitely many elements of A — A can be written as the difference of two 
primes, that is, 

(2.17) \{V -V)r]{A-A)\=oo. 

3. Some Initial Considerations 

The main tool of our method is an approximation for prime tuples and almost 
prime tuples. Consider the tuple (n + hi,n + /12, . ■ ■ ,n + hx) as n runs over the 
integers. If these K values are all primes for some n then we call this a prime tuple, 
and we wish to examine the existence of prime tuples. A first consideration is that 
the set of shifts 

(3.1) H ^ {hi,h2, . . . ^Hk}, with hi ^ (li i ^ j), 

imposes divisibility conditions on the components of the tuple which can effect the 
likelihood of obtaining prime tuples or even preclude the possibility of more than 
a single prime tuple. Specifically, let i^p(Ti.) denote the number of distinct residue 
classes modulo p occupied by the elements of H, and for squarefree integers d extend 
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this definition to Vd{Ti) multiplicatively. The singular series for the set Ti is defined 
to be 

(3.2) e{n) = n fi - 



pj \ p 

If &{Ti.) 7^ then Ji is called admissible. Thus TL is admissible if and only if 
VpCH) < p for all p, while if VpiTi) = p then one component of the tuple is always 
divisible by p and there can be at most one prime tuple of this form. Hardy and 
Littlewood [9] conjectured an asymptotic formula for the number of prime tuples 
(rt + /ii, 71 + /i2, ■ • ■ 7 + hK), with 1 < 71 < A'^, as iV — > oo. Letting 



(3.3) e{n) 




if n is prime, 
otherwise; 



we define 

(3.4) A(7i; n) e{n + hi)e{n + • • • 61(71 + /i^) 

and use this function to detect prime tuples. The Hardy-Littlewood prime-tuple 
conjecture is the asymptotic formula 

(3.5) ^ A(7i;7i) = iV(6(7i) +0(1)), as iV ^ 00, 

n<N 

which is trivial if 7i is not admissible, but is otherwise only known to be true in 
the case K = 1 which is the prime number theorem. 

The starting point for our method in [7] is to find approximations of A(n;7i) 
for which we can obtain asymptotic formulas similar to p.5p . A further essential 
idea is that rather than approximating just prime tuples, we should approximate 
almost-prime A'-tuples with a total oi < K + i prime factors in all the components, 
which \iO<l<K — 2 guarantees at least two of the components are prime. The 
almost prime tuple approximation used in and which we also use here is 

(3.6) A«(7i;H,^):=— -— ^(^H^^^d ' 

^ d\Pn(n) ^ ^ 

d<R 

where \H\ = K, and 

(3.7) Vnin) (71 + hi)in + /is) . . . (n + Hk). 

Our method for proving (jl.ip in is based on a comparison of the two sums 

(3.8) ^ Aij(n;7^,£)2 and ^ 6'(n /io)Afl,(n; f)^. 

n<N n<N 

An asymptotic formula for the first sum can be obtained if i? < N^^^-", while 
for the second sum we can use an admissible level of distribution of primes i9 to 
obtain an asymptotic formula when R < N'^^^^'^. In [;7: it was assumed that K and 
£ are fixed, i.e. independent of N. Using these asymptotic formulas we can now 
evaluate 

(3.9) Sh:= J2 f E ^(" + ^o)-log3iV| ^ AR{n;n,ef, 

n=N+l \l<ho<h j l<hiJi2,...,hK-<h 

distinct 

If Sfi > then the sum over ho must have at least two non-zero terms and thus 
there must be some 71 and hi ^ hj such that 71 -I- hi and n + hj are both prime. We 
find with d = 1/2 and h ^ X log N with any fixed A > that we can choose K and 
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I for which Sr > 0, which proves (jl.ip . In order to obtain this for any arbitrarily 
small A > 0, the fixed K and i are chosen sufficiently large in an appropriate way. 

To obtain quantitative bounds to replace (II. ip . the first step is to obtain as- 
ymptotic formulas which are uniform in K and £ so that these can be chosen as 
functions of N that go to infinity with N. One also needs explicit error terms, and 
these error terms arise not only from lower order terms and prime number theorem 
type error terms, but also in p.Sp from the Bombieri- Vinogradov theorem error 
terms. 

We will now establish the relations between our parameters that will be used 
throughout the paper. Recalling the set A from (|2.2p . we will always take H C A. 
Next, R and £ will be chosen as 

(3.10) K<h, l^yfK, R:^{iNf ^{iNf'^-^, C = o(l). 
We will make use of two important parameters U and V defined by 

(3.11) V := y/logN, U = e^, 

and will choose K later to be slightly smaller than V . We next denote the product 
of primes not exceeding V by 

(3.12) P.= X{p, 

p<V 

where p will always denote primes. 

As just mentioned above, our present treatment requires a much more delicate 
analysis of the error terms than in [3, and therefore we make an initial simplifi- 
cation to facilitate this analysis. In [7] the irregular behavior of Vp{Ti) for small 
primes greatly complicated the estimate of the function G(si,S2) and its partial 
derivatives. We can avoid these difficulties, at least for primes dividing P, by 
proceeding somewhat similarly to Heath-Brown in [TT]. We call a residue class 
a(modP) regular with respect to TL and P if 

(3.13) (P,Pw(a)) = l 

and denote by A{T-i) = AplTi.) the set of all regular residue classes mod P. Thus 

(3.14) A{n) := {a; 1 < a < P; [P, Pnia)) = l}. 
The number of regular residue classes mod P is clearly 

(3.15) \A{H)\=l[{p^,yp{n)) 

p\p 

and their proportion of all the residue classes mod P is 

p\p^ ^ 

which is positive if Ti. is admissible. Thus in particular for a given Ti. and all P 
there exists at least one regular residue class mod P, if and only if Ti. is admissible. 
With this notation, we now consider the sums 

2N 

(3.17) AB.{n;nu£)AR{n;n2,£) 

n=N+l 
neA{Hi)nA{H2) 

and 

2N 

(3.18) Yl AR{n;ni,e)AR{n;H2,mn + ho) 

n=N+l 
neA{Hi)nA{H2) 
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with ho S which are asymptotically evaluated in Theorems H] and [51 respec- 

tively. A new feature in the proof of these theorems which does not occur in [7j is 
that ()3.17p and (I3.18P are first evaluated for each residue class a(modP) with 

(3.19) ae A{ni)nA{n2) ^ A{niUH2) 

separately, and then the results are added over all regular residue classes modulo P. 
It turns out that the asymptotic main term (and even secondary terms) are indepen- 
dent of the particular choice of the regular residue class a, so this summing presents 
no difficulty. However, the restriction of the values of n to a single residue class 
a(modP) in (j3.18p requires a stronger form of the Bombieri- Vinogradov theorem 
(cf. Section 12). 

To detect primes, in place of p.9p we consider 
(3.20) 

. 2N . . 



n=N+l ^ P 

p—n£A 



where 



(3.21) *'^(if,£,n,/i) ^ ^^(n;^,^). 

H,\H\=K 

On applying Theorems 4 and 5 we can asymptotically evaluate S*^, which we 
carry out in Section 15. One condition that arises from the main terms is that in 
order to prove the existence of prime pairs in intervals of length h we need 

(3.22, .>£if^. 

Since K < h this immediately implies that 



(3.23) h > Cy/logN. 

Our goal is to take h as small as possible, and therefore we can not obtain anything 
better than p.23p when using the approximation in (|3.6p together with (|3.20p . 
Apart from powers of log2 N, we are able to prove our results for h of this size. 
Our actual choices for K and h are 



(3.24) A-<c,^, H^?^>?1^,„4N. 

log2 N K ci 

with a sufficiently small explicitly calculable absolute constant ci (to be chosen 
later). We will need the error terms in Theorems 4 and 5 to be uniform in K with 
a relative error of size 771 satisfying 

(3.25) < 



However, we do not achieve this for all admissible pairs Tii and 7^2 of size K. 
Instead, for all admissible pairs TYi, 7^2 we obtain a weaker error term, but if 

(3.26) K -\Hlf^n2\<-VK. 



then we do obtain the error estimate in (j3.25p . This turns out to be sufRcient for 
our proof, since such pairs Tii , 7^2 will be dominant in (|3.20p . 
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4. Two BASIC THEOREMS 

In the following let be a sufficiently large integer, ci a sufficiently small positive 
constant, 



(4.1) X<cr-^ 



(log2iV)2' 

(4.2) K<^ki,k2<K, <4,^2 < %/^. 
We will consider sets H :^HiU H2, ^1,7^2 C [1, A^] of sizes 

(4.3) m^h, |WinW2|=r. 
Let 

(4.4) fh :— K — m for m € [0, if], n* :— max{\/K , n) , n* (!%)* . 
Our first main result is the following theorem. 

Theorem 4. We have for N'' < R < N'^/'^ exp(-cVToglV), as —> 00 
(4.5) 

n<N 
n&ACHi)nA(n2) 

\ ii j (r+£i+£2)! iA(w)i logi? J- 

For the next theorem we suppose that the following form of the Bombieri- 
Vinogradov theorem holds (see Section [T2|. For a given, sufhciently large A^, and 
recalling the parameter P defined in (|3.12p . we have 

(4.6) ^ max ^ logp ^ 



q<Q' (a:9) = l 



ip(Pq) 

N<p<2N ^' 



N 



< — exp(-cv/iog]V), 



(q,P) = l p=a(aiodPq) 

where 

(4.7) Q* = Ari/2p-3 exp(-c* y/logN) , 

with an arbitrary positive constant c* . 

Letting = H U {ho} , our second main result is as follows. 

Theorem 5. Suppose (|Ml)-(|47l) /lo/rf anrf let N" < R < ^/Q*. Then 
(4.8) 

^ Afl(n;Wi,£i)Afl,(n;H2,^2)e(n + /io) 

Ar<n<27V 
nGACHi)nACH2) 

(r + £i+^2)! I ^1 \ \ \ogR 



+ O (Are-'=^''°8^) 



where 

(4.9) ^ 

Cfl(^i,4,Hi,H2,/»o)= ' tf hoe Til and ho ^n2; 



1, ifho^H; 

(<;i+^2+i)iog-R 

(^l + l)(r+«i+£2 + l) ' 

(£i+<;2+2)(<;i+£2+i)iog-R. 



«l + l)(«2 + l)(r-+^l+£2 + l) ' " t ni M n2. 

For the applications to Theorems [T]-[3] the simpler case £1 = £2 = ^ will be 



sufficient. 



PRIMES IN TUPLES II 



9 



5. Lemmas 



We will use standard properties of the Riemann zeta function C{s). Proceeding 
slightly differently from 7J we use the zero-free region, with s = a + it, 

(5.1) C(l + s) 7^ for s g 7^^^ := is; o- > ^ 



log2iV + 61og(|t| +3) J ■ 



Further we have ioi s £ TZn by Titchmarsh [23, Ch. 3] 



(5.2) 



C(l + s) - 



1 



C 1 

^(l + ,s) + - 



«log(|i|+3). 



ai + s) 

In the course of the proof the following contours which lie in the zero-free region 
TZn will be used (with U and V given in (I3.11|) ) 
(5.3) 



1 



28^' 
-1 
287' 



\t\<u\, 



A:=^a=^, \t\<2U 
A:=^a=^, \t\<2U 



(5.4) 



UV 



14 V 



C[ = {s = ^^; ,5o < \t\ < U}, 6o = (VKlog^ n) . 



Similarly to Lemma 1 of we have 

Lemma 1. Let kilog^N)^ < y/\ogR, N" < R < N , N > C , k > 2, B < Ck. 
Then 



(5.5) 



(log(KI+3))^ 



R'ds 



^g-cv/lHITV^ (3<i<6), 



where the constant implied by the <C symbol depends only on C . 
Proof. The integral / in (|5.5p satisfies for all i 



2U 



(5.6) ^< y ^ 



■dt 



max ( lil 



' 28V y 



\a\<l/lAV 



« e-=-^( / (28V^)'=dt + / ^ ) +eVBilv(Vi4-i/2) <^ ^-c^ 



N 



We will prove a generalization of the combinatorial identity (8.16) of [7 in order 
to evaluate the terms /i^ of Section [51 Let us define for triplets of integers d,u,y 
with c?>0, u>0, ?;-|-u>0 (to be called suitable triplets) the quantity 



(5.7) 



Z 



{d,u,y):^^ j2 f ")(-!) 



ni^ — y 



,d(d+ 1) • • • (d + m- 1) 
[y + to)! 



Lemma 2. We have for any suitable triplet d,u,y the relation 

{y-d+l)---{y~d + u) 



(5.8) 



Z{d,u,y) 



u\{y + u)\ 
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Proof. We will prove this by induction on u. For u — we have trivially for any 
non-negative d and y, Z(d,0,y) — (j/!)^^ (the empty product in the numerator of 
Z is 1 by definition). We can suppose u> 1 and that our statement is true for all 
suitable triplets d, u — 1, y. Making the convention that we define for n < 

(5.9) 1,^0 

for any real number x (in other words, we just neglect in a sum all terms with an 
n! in the denominator with n < 0), we obtain by (") = ("^ ) + ("1^1 ) (where we 
define ("~^) = ("j/) = 0), with the notation [S] = 1 if the statement S is true and 
[S] = if"5 is false, 

fu-l\ ■ d(d + l)...(d + j) 
f^, \ J )^ ' (2/ + J + 1)! 

1 ( /u-l\ ^d{d+l)...{d + i-l) / d + i 



i=0 

i>-y 



\ i 1^ ^ {y + ty. \ y + i + 1 



(_^_\) {-ir'-'d{d+l) . . . {d^y-2){d-y-l) 

^d{d+l)...{d + i-l){y+l-d) 



u {u-l)\ ^ I ^ r ' 



u {u-\)\ \ i ) (y + i + 1)! 

V±\_-d {y + l_d){y + 2-d)...iy + u-d) 
Z{d, u — l,y + I) — 



u\{y + u) 



Finally we mention a simple lemma for the mean value of the generalized divisor 
function 

(5.10) d™(q) :=to"(«), 

where Lu{q) denotes the number of prime-factors of q for a squarefree q. 

Lemma 3. If m > 0. > max(c' log(_R' + 1), 1) then there exists a constant C 
depending on c' such that, for K > I and x > I we have 

(5.11) ^^d™(Q) <x(l + logx)r™T 

q<.x 



and 



(5.12) y^- l"3Kw; <(l + logx) 

q 

q<x ^ 

Proof. Equation (|5.1ip follows from 



(5.13) Y^drniq) < ^'feM) < 5: 1) < Xil + log. 



. q / \ — 3 

q<x 

Further, by (|5.10p we have 
(5.14) {dsKiq)y+'/''=d,{q) 
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with 

(5.15) j = (3X)i+i/'^ < Qe^/'^'if, 

and Lemma [3] follows with C = 9e^/^ + 1. 

6. Preparation for the Proof of Theorem S] 

Since the preparation for the proof of Theorem [4] is nearly the same as in Sec- 
tions 6 and 7 of [7, for the analogous Proposition 1 (or 3 or 4), we will briefly 
summarize it and the reader is referred for the details to [7J. Let 

(6.1) Ti.{p) = . . . , '■ h'j = hi (modp), hi for some i, 1 < h'^ < p| , 

(6.2) Ppinim2) MHiip) n n2{p)) = MUi) + vp{H2) - lypin). 

For any a e A{Hi) O A{H2) (cf. dm]) ), wc have similarly to Section 7 of [7] 

(6.3) SR{N;ni,n2jij2,a):^ ^ Afl(n; Hi, £i)Afl(n; H2, ^2) 

n=N+l 
n~a{mod P) 

= ^rK(£i,^2;Hi,7^2) + 0(i?2(3iogi?)7^), 

(6.4) Tfl,(4,^2;Hi,H2) y^— ^ J J F{si,S2)^j^^^^j^^^dsids2, 

(i)(i) ''^ 



where 

{2TTi) 



(6.5) Fis.,s2) n f 1 - ^ - ^ + '^An.nn2) \ 

^ ' \ J-I ^/ J_J_ y pl + Si pl + S2 pl + Sl+S2 J ' 

where now, differently from 7 , primes not exceeding V do not appear in F{si, S2) 
since by the regularity of a, {P-H^in), P) — (P-^a (»^), -P) = 1. 
Let 

(6.6) A:=| n ih,-h,)\<N''(''-'^/\ 

l<i<j<K 

Then if p| A (consequently, for all sufficiently large primes p), 

(6.7) i,p{ni) = \ni\^K, vp{n2)^\n2\^K, Dp{ninn2) ^\ninn2\^r. 

We therefore factor out the dominant zeta-factors and write 
(6-8) F{si,S2) ^GmM2{si,S2)-7— — - , — 

C(i + si)"C(i + S2r 

with a function G(si, S2), regular for di > —1/5, say, which we write slightly more 
generally for future application in Theorem [5] as 

(6.9) GuuhAsu S2) = G(si, S2) - G = G1G2G3 = G1G4, 

where now a = h = K , d = r, vi{p) = Vp{Tii), V2{p) = Vp{'H2), v^{p) = Vp{HiC\H2), 
(6.10) 

Gi(.i,.2)=n(i-^) "n(i-;^) 'n(i-;^ 

p<v \ / p<v \ y p<,v \ 



(6.11) G4(si,S2)=n 



t^llp) £2(£)_ I lf3(p)_Wl ^^^_V 
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= n • n =:G2(S1,S2)G3(S1,S2). 
p|A,p>y p\A,p>V 

Let us use the notation 
(6.12) (5i := max(0, -CTi), 6:^61 + 62, S3 := si + S2, 

and 

We will estimate the order of 0(51,52) in the region si,S2 G TZ'j^ under the more 
general conditions 

(6.14) a,b,d<K, u,{p)<K, 

(6.15) z^i(p) = a, V2{p) = 6, i^3(p) = d for A. 

(Later we will examine more dehcate properties of G(si, S2) with further conditions 
on a, 6, d, Vi{p)-) We have 

(6.16) |Gi(si,52)| ^exp^C^ ^] < exp(GXlog3 iV), 

(6.17) |G2(si,52)|<exp(G^-^) <exp(GX ^ -1^ 

^ p|A ^ ^ p<logA(l+o(l)) 

<exp(Ci^log3 N), 

and 

(6.18) |G3(si, 52)1 < exp < exp < eM^K), 

where in l|6.16p - (|6.18p we made use of the estimates 

(6.19) max (F^ (log A)*) < (log^A^)i^ = e; 

further in (|6.17p the sum which was originally over p \ A has been majorized by 
using the set of the smallest possible primes which could divide A. 
Summarizing (|6.16p - (|6.18p we obtain 

(6.20) |G(si, S2)| < e^^'°S3 n f^^, ^ 
and further 

(6.21) \F{s,,S2)\ < e^^'°^^ "^((logd^il + 3)) log(|t2| + 3))^^ for s,, S2,s, G K- 



The above estimate shows that the integrand in (|6.4p vanishes as either \ti\ ^00 
or \t2\ 00, si,S2,S3 £ Ti-'j^. We will examine the integral (analogously to (7.15) 
in [7]) 

^ 1 f f D(si,S2)R''^+'^dsids2 

(6.22) I ■.= T^{d,a,b,u,v,ni,n2) ■■= I I \ 2) 



{2mY J J sl+^sl+\si + S2Y ' 
(i)(i) 

where we introduce the function Z?(si, S2), regular for si, S2, S3 G Ti-'^i 
(6.23) 

W-lsi + S2) 

D{si,S2) -.^ Dq{si,S2)G{si,S2), Dq{si, S2) — W''[si)W^{s2y + 
(6.24) < d < a, b<K, min(a, b) > cK, Vk/8 < u, v < VK 
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and by symmetry we can assume u < v. (In the applications we will have \a — h\ < 1, 
\u-v\< 1.) 

First step. Move the contour (1) for the integral over si to £i, over S2 to £2- The 
vertical parts \t\ > U, and \t\ > 2U, resp. can be neglected similarly to Lemma 1. 
After this move the integral in si from Ci to £3 U £5. The horizontal segments £5 
can be again neglected. We pass a pole of order m + 1 at si = 0, and obtain 

D{si,S2)R''+'''dsids2 



(6.25) I = Ii 
where 

h ■■ = 

(6.26) 



C^rrtrJcJcs ■s-,+'sl+\s^ + S2) 
D{si,s2)R'''+'' 









j Res 










27ri 





Sl+^SI+\S,+S2Y 



ds2 



i=0 



(log Rr-^— 



d' fD{si,S2) 



ds\ \{si+S2y 



si=0 



R' 



dS2 



We denote the complete integrand above by Z{s2) and express 



fD{si,S2) 



(6.27) 



si=0 



ds\ \{si+s2y 



D{0,S2)d{d+l)...{d + i-l) 



^ ^^,,_, d(d+l)...(rf + »-J-l) 



si=0 



d+i-j 



where in case of i = j (including also the case when i = j = and d > arbitrary) 
the empty product in the numerator is 1. 

Second step. Let us denote the contribution of the first term in ()6.27|) to (I6.26P 
by /i(i,0) and the others by (1 < j < i). /i(i,0) will belong to the main 

term, all with j > 1 will just contribute to the secondary terms. Let us move 

now the contour £2 for the integral over S2 to £4 U £5 in (|6.26p . The horizontal 
segments £§ can be neglected again. We pass a pole of order v + l + d + i — j in 
case of Ii{i,j) and we obtain in this way 



h = 



(") (log R)- ±i-ir^ C) ^'^y-}' + ' - r : 



(6.28) 



u. 

i=0 



E 

u=0 



V + d + i — j 



Sl=S2=0 



J Z{s2)ds2 + 0(e-^^^) =: /14 + h,2 + 0{e--^^) 



7. Estimates of the partial derivatives of D(si,S2) 

In this section we will estimate partial derivatives -^■~-D{si, S2) of D{si,S2) 

for i + j < CK with Si — s* in TZ'j^ for 1 < « < 3. We will often use Cauchy's 
estimate for functions regular in \z — zo\ < rj: 

(7.1) ^\f^'\zo)\<V-\ max |/(z)|. 

j! \z-zo\=v 

Applying this for £'(51,52) we obtain 
1 



3" * m . -1 

ds\ds' ^ ' 



^ rj max 

\s'i-sl\<i-i,\s'^-sl\<ri 



Dis[,s',: 
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In order to substitute the above maximum for D{sl, S2), we have to estimate 



(7.3) L(si, S2) := max 



d 

dsi 



log 15(51,52) 



_d_ 



logD(si, S2) 



for si, S2, S3 G 7?.'^; since by the regularity of log 15(51, S2) for Si e TZ'j^ (1 < « < 3) 
(cf. mim . (lOTD . (IS2S1)) we have, for ri < (log^N + log(|ti| + 3) + logdial + 
3))-Vl00, 



(7.4) 



(7.5) 



i5(s|,s5) 

By symmetry it is enough to deal with 

d 



< exp (277 • max L(si,S2)). 

\'>l-'il\<n,\'>2-S2\<V 



Li{si,S2) 



dsi 



\0gD{si,S2) 



Since the logarithm is an additive function, using the representation (|6.9p - (|6.1ip 
and ()6.23p of D{s 1,82) it is sufficient to examine the factors Dq, Gi, G2, G3 sepa- 
rately. 

We will choose a positive 77 



(7.6) 7] < 



1/100 



log2 7V + logr 



, T = Ti+T2, T, = |t,|+3, h = ti+t2 (l<^<3) 



where hy 6 ^ 5i + S2 < 2/\og^N, V = {XogNfl'^, logA < K'^logN < log^iV we 
have 

(7.7) max {V^ , V' , (log A)^ (log A)") < 1. 

We have by and (j^:^ 



(7.8) 

d 



— (log 150(31,52)) - d- -^(1 + Si+S2) + 



dsi 



c 

< KlogT. 



Sl + S2 



a(|(l + .i) + l 



Further we have 
(7.9) 

-(l0gGi(si,S2)) = 2^ 



dsi 



p<V ' 



dp 



< is:iog2 iv. 



Similarly to ((07)) we obtain by ((7?7| 
5 



9si 



(log G2(S1,S2)) 



(7.10) 



dp 



p 



1 - 



p\A 



p<logA(l+o(l)) - 
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Finally, analogously to (|6.18p we have by (|6.15p 



(7.11) 

d 



dsi 



(log G3(si,S2)) 



logP [ a -dp 



dp 



p>V 



p>V ■ 



K 



+ S2 ^ r,^ + si+!>2 



K 



1 1 ' 1 1 



logp K"^ 



77 < 



P>v • 



,2-25 ^ \/l-25 y 



Summarizing (|7.3p - (|7.1ip we have 
(7.12) 

max |i^(s;,4)|<e^''^('°^^^+'°s^)|i?(.t,.;)|if,st,s;,4e7l^. 

|Sl-Sll<'J>k2-S2|<J7 

Hence, and ((7121) imply by the choice r]''^ = 100i^(log2 iV + logT) the 

following estimate. 



Lemma 4. We have for si, 82,83 G TZ'j^ 



N 



9' a^" 



« (Ci^ (l0g2 N + log T))'+^ \D{8i,82 



The above estimate is sufficient for our purposes at every point {81,82) apart 
from (0,0), which will appear in the main term. We will show an analogous result 
for the point (0, 0) where 77 in (|7.6p will be replaced by the larger value 



(7.14) 



1 



d* log2 N 

where we use the notation d, d* of (|4.4p . Next we have 



Lemma 5. 



ir£rD{8„82) 



'1 



< {d* log2 Ny+W{0,0). 



Si=S2=0 

Proof. Let di ~ a — d. Analogously to (|7.8p - l|7.9p . we have, for |si|, |s2| < Vo, 



d W W 

— log £10(31,52) = d—{si + 82) - a—{si) 



(7.15) 



and 
(7.16) 



W 



= ^ 777(^1 + «2) - 777(51) - (a - d) — {8i) 



W 



W 



W 



w 



K 



< K-qo + di < ^ + di < \/K + di < d*, 
d* 



— (iogGi(si,s2)) = XI :;;t 



p<V 



d 



d — a 



logp / KIp''^ - 1| 



logp 



P 



p<V ^ \ / p<y r p<V ^ 

< F'' log V{Kr]o log + di) < i^7?o log! N + di log2 iV < J* log2 ^. 
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The treatment of G2 will be similar to this and (|7.10p . By — 1^3(^)1 

Wpi^i) - M'^dp) n W2(p))| <\ni\H2\ = a-d we have 
(7.17) 
d 

— (logG2(si,S2)) = 



2(P) I '^3(P) 1 1 



« E ig5(* + *v»-i))«*ES + A-,„ 1: J^f^ + A-i:^ 

p\A,p>V ^ p|A ^ p|A ^ p|A 

p<e2/io 

p<logA(l+o(l)) p<logA(l+o(l)) ^ ^ > 

< di log2 A + log^ A + \ < log2 7V(rfi + Kt^o logs ^) < d* logs ^■ 

(logiV)^-^-3 

Finally we have, similarly to above and (|7.1ip . using a — dp^^'^ = a — d+d(l — p^'*^), 

,,18, ^,„gG,(..,.,)=i:^L(^^-^) 

+ {a-dp-"') 



1 a Old 1 1 

«|:.^{^£i+;^i(*+*v'"-i))} 



j^^ — ^u ■ z — / p^ — ^u z — ^ — 2(5— r;o 

Kdi X^ryo log V 



Y1-2S yl-25 (logAr)(l-25-»)o)£i* 



(7.19) 



K 

< — (di + Xryo log2 N) + 0(1) < di + X770 logs N <t: d* 

Now, ()7.15p - ()7.18p imply, by symmetry for i — 1,2, that 
d 



logD{si,S2) 

OSi 



for |si|, |s2| < ??o, 



and therefore, similarly to (|7.12p we have 

(7.20) 1^(4,4)1 « ^(0,0), 

which by ()7.2p proves Lemma [5l 

8. Contribution of the residue at si = S2 = 

This section will be devoted to the examination of Ii^i, the sum of the residues 
in fOSll . 

The rather complicated formula (|6.28p yields the main term and all secondary 
terms of the form (logi?)™ exclusively for m g [d,d + u + v— 1] and will additionally 
contribute to other secondary terms for m £ [0,d—l]. However, from the terms 
/i^i(i, j, v) belonging to the triplet (i,j, v) in the triple summation, only those with 
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u = 0, j = contribute to the main term of order (log since in all other 

terms the exponent of log R is d + u + v — j — v. 

We have to work now more carefully than in For example, by the aid of 
Lemma[2](a generalization of (8.16) in [7j) we will exactly evaluate the coefficients 
of 3h£^£jD{suS2){logRr+''+^-^-'^ in §M as follows. Let j,i^> 0, 

(8.1) ni :— i ~ j > 0, y v + d — 
where we can assume by ()6.28p 

(8.2) V < V + d + m <=^ m>i' — V — d = —y. 
Then we have from (|6.28p . by notation (|5.7p . (|8.ip and Lemma [2] 

(9i-^\ A _J}^'^ f u ^, ^,^fm+j\ d{d+l)...{d + m-l) 

^ ' ''"^ ul U + j7 \ j ) {v + d + m-v)\v\ 

m'> — y 

(-1)"' d{d+l)...{d + m-l) 

^ (u — j — m)lml (v + d + m — iyy. 

m> — y 

= Z{d,u- ],v + d~v) ^ — — — — • 

(u — ]y.[d + V — V + u — j)\ 

We have to compare Aj^ with Ao,o- This will be furnished by the following 
Lemma 6. J := | ii^ | < (CX)^+^ 

Proof. = ,,itXTjl,y, ■ ■ < iCKy+'^\AlX where 

/o.x I \{v~v + l)...{v-v + u- j)\ 
(8-4j \A].u \ -( — --r\ 7 — \ ^; • 

If < 2{v + 1), then clearly A'-^^ < 1, so we may suppose 

(8.5) i^^B{v + l), B>2. 
In this case we have hy u — j<u<v<v + I: 

(8.6) A'l^ < ( j < = B""^^ < 2\ 

since the maximum of x^/^ in [1, oo) is attained at x = e and e^/^ < 2. 

Now we are ready to evaluate the crucial term /i.i by the aid of Lemmas [H [5] 
andEl Namely by gH]), g31), R > N", jHIHl) and we have 

(8.7) 

/,,=Ao,o(logi?)'^+"+^|mO)+E E tAt^- , j 

I 7^0 Z^o (logi?)J+'' ]\v\ J 

= Z(d,u,. + rf)(logi?)'^+«+^D(0,0)fl + off; £ '^'^ 



\ ^ 7 = 1^ = 

]+U>l 

^''+")(logi?)'i+''+-D(0,0) (^^^(CKd*\og^N 



(d + u + w)! V V log-R 

The integral /i^2 in (|6.28p does not contribute to the main term and can be 
estimated relatively easily due to the presence of the term R'^^ (s2 G £4). In fact, 
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choosing rj ^ = 100(log2 iV + logT) as earlier, we obtain by LemmaHl (|5.2p . (|6.20p . 
^M^l-^^ for any sj^G £4, 

|g2|b+0(Vif) 

Now Lemma [1] yields immediately by (|6.24l) and R ^ N"^ 

(8.9) h2 = ^ I Z{s2)ds2 « e^^i°«^ ^-cyiHITv 



We may smnmarize dST]) and (EH) by £'(0,0) = 130(0, 0)G(0, 0) = 0(0,0) 7^ 
(which is true by the admissibility condition) by (|6.9p - (|6.1ip and (|6.23p as 

Lemma 7. The integral Ii in (|6.26|) satisfies the asymptotic 

. (•:-) "y^-y^ °) f 1 ^ o f A-d- log, iv^ ^ ^ 

(d + w + ?i)! V \ ^ogR J J ^ > 

9. Estimate of the integral I2 

For /2 in (j6.25p , after interchange of the two integrations we move the contour £2 
for the inner integral over si to the left to £4 passing a pole of order d at S2 = —s\ 
if 1^2! < and a pole of order w + 1 at S2 = and obtain 

(9.1) 

I2 — I Res { — (■^ii ■^2)^ \ ^ /" / — (si, 52)^ \ ^ 

£3 £3 



£^(.i,.2)— ^-^dsid.2 + 0(e-^/^) 



(27ri)2 y y ^ "'si-^+^+i S2 



£4 £3 



:=/2,i+/2,2+/2.3 + 0(e-^^^). 

By the argument of Lemma[T]and ()6.2ip . the third integral /2,3 is <C 6^^^'°^^. The 
second integral /2,2 is completely analogous to I\,2 in (|6.28p . which was estimated by 
g-cviog jj^ (|8.9p , the only change being that the role of s\ and S2 is interchanged. 
The residue in J2,i is zero if d = 0, while for d > 1 we have 

/_D(si^£2)i?2^A r 1 (D{s^,S2)R''- 



«2 = -.l Vsj- ' -S2 ' ^(Si + S2)'^^ (d - 1)! Qs2'^-^ \ Si"+ls2"+l 

(9.2) , d-i 



5]s,(sl,7^l,7^2)(logi^)'^-l- 



((^- 1). 



where 
(9.3) 

{~\Y{v^'\)...{v^v) 



^.(.l,Hi,7^2) = /) E f!)S57^(^i'^2) 



^ ^ !/=0 

We thus obtain 

d-l 



S2= — Sl 



(9.4) h = --^^c,{n^,n2){\ogRY-'-^ + 0{e-^^), 
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where 

(9.5) Cj(ni,n2) = f B,isi,ni,n2)dsi (j = o,i,2,...,d-i). 

It remains to estimate these quantities, which are independent of R. 

We are ah owed to transform the contom- £3 in (j9.5|) to the contour C , defined 
in (|5.4p . Our task is now the estimation of the integral Cj on the new contour 
£' = £q U C'l since the integral on the horizontal segments \t\ = U is 0(^e~'^^^°^^). 

10. Comparison of D{s,-s) and £'(0,0) 

We have seen in Section [7] that by Lemma H] we can estimate -^-^D{si, S2) 

with the aid of D{si,S2)- We will show now how to estimate \D{s, —s)\/ D{Q,0) 
from above when s is on the contour This, together with Lemma [S] will play a 
crucial role in the estimation of l2,i which is the main part of l2- 

First we note that if s G £' is on the semicircle C'q, then by (|7.12p we obtain 

(10.1) \Dis,-s)\<e^^ 0(0,0), (s €£[,). 
Thus, in the following we may suppose 

(10.2) s = it, t>0, 

since \D{-it,it)\ = \D{it,-it)\. 

First we will examine the behavior of the functions Dq{s, —s) and Gi{s, — s) on 
the imaginary axis, which requires a lemma concerning W{s) from (j6.23p . 

Lemma 8. There exist positive absolute constants to and ti > 1 such that 

(10.3) |W^(ii)| > e*'/^ > 1 = Ty(0) /or |t| < to, 

(10.4) \W{it)\ > t2/3 for \t\ > ti. 

Proof. We will use that in a neighborhood of s = we have for the entire function 
W{s) the representation 

00 

(10.5) VK(s) = l + 7os + ^7.s"+' 

i/=i 

where 70 = 7 is Euler's constant and (see [13], Notes on p. 49) 

(10.6) 70 = 7 = 0.5772157..., 71 = 0.07281 ... . 
This implies 

(10.7) 



I W(it)|2 = W{it)W{~it) = (1 + ijt - 7it2 _^ oit^)){l - ijt - 71 + 0{t^)) 

= I + t'^{-f^ + 0{t^) ift->0. 

Now (|TIIBl) - (fnr7l) prove (fnO]) for \t\ < to, while (fTini) clearly holds by (jOI . 

Remark. If (110. 3p is true for any t (which could be checked by computers, since 
to,ti are explicitly calculable), then the following simple lemma is not necessary. 

Lemma 9. Given any positive constants Bq, Bi,e we have for any t e [Bq, Bi] and 
any X > C{Ba,Bi,e) 

(10.8) J{t,X) := n > c{Bo,B,){\ogXy/'-'. 

p<X ^ 
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Proof. Let us fix t. Since every factor is at least 1, we can neglect those with 
cos(tlogp) > 0. On the other hand, if cos(ilogp) < 0, then we have 

, ,, - ^-1-^*1 

(10.9) log 



\l-p- 



1 -p-i 



1 1 

> log z 7 > 



1 — p ^ p 



The primes satisfying cos(tlogp) < arc in intervals of type 



(10.10) 



exp 



,exp 



i+7r/tl 



and Ij C [1,X] if 27r(j + 3/4)/t < logX, that is, if 
(10.11) 



, tlogX 3 „ 

7 < 7 ■ 

- 27r 4 



Using the prime number theorem we obtain by partial summation 



(10.12) 



da; 



a; log X 2 j + i 2j 



Hence, by (|10.9p we have 

(10.13) log J{t,X)> J2 ^ + 0{l)>^\og,X-c'{Bo,Bi). 

Remark. Working more carefully we could prove LemmaOwith (logX)^^'^ replaced 
by logX. But actually any lower bound larger than C{to,ti) = max |W^(it)|~-^ 

would suffice for us. 

Taking into account the trivial relation 



(10.14) 



1-p- 



I ' 
we obtain from Lemmas [8l |9] the following 

Lemma 10. We have, with a sufficiently small constant Iq < 1 and suitable positive 
constants c' and c", 

(10.15) Eoit):^ Doi^t,-^t)G,{^t,-^t) 



<e-=' tf\t\<to, 



i5o(0,0)Gi(0,0) 
and for any t > to and N > A^O; 

(10.16) Eoit) < e-^"("+'') max(l, |<|)-("+'')/2. 
Proof. By p0.14p and the definition of Dq in (j6.23|) we clearly have 

(10.17) |Gl(^^,-^^)| <Gi(G,0), 

(10.18) \Doitt,-it)\ = \W{it)\-^''+''\ DoiO,0) = W{0) = l, 
which immediately imply 

(10.19) Eo{t) < \W{it)\-''''+^l 

Hence, by Lemma|H]we have (|10.15p and (|10.16p for \t\ > ti. Finally, for to < \t\ < ti 
we have by Lemma 



Eo{t) = {J{\t\,V)\W{it)\) ^'^^"^ < {c{to,t,){\ogVy/'-C-\to,t,)) 



(10.20) 



-{a+b) 



< (clog2 7V)-('^+^)/3 < (e-^"ti)-('^+''), 
which proves (|10.16p . 
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We will continue our study of D{it, —it) with that of 

We first divide each term by ^1 + ^-^^^ i.^ ~ product representation 

of both 6*4 (it, —it) and G4(0, 0). After this we take the logarithm of each term and 



use the formula 



oo 



(10.22) iog{l-z) = -iz+J2—], if |2|<1- 

^ m=2 ' 

Now we separate the effect of the linear terms and those of order m > 2 and write 
accordingly 

(10.23) L4(t) = i4a(t) + i4,2(t). 
We have by the trivial relations v\{j>) < a, v^ip) < &, 

(10.24) UM = E - (cos(Hogp) - 1) < 0. 

(We remark that the sum is convergent, since J^i(p) = a, V2{b) — p for p \ A.) 

The logarithms of the higher order terms of G4 which do not involve the functions 
Vi{p) can be estimated from above in modulus for any t by 

(10.25) (a + 6) y V < C(a + 6) <- — 

^ ' ^ pi^,i'2"^P'" " VlogV^ - (log2iV)3 

Similarly we have for the contribution of the numerator to L4.2(t) the upper 
estimate (valid for any t) 

2{a + 6)" ^ C{a + b)^ ^ C{a + b) 



We see from ()10.16p that this estimation is sufficient for \t\ > to but not for small 
values of t. Then, working more carefully we have for the contribution of the terms 
of G4 involving the functions i'i{p) to i4,2(t) the upper estimate 

(lo-^n E I: E f 7) "^(i - - m log.)) 



jj mip + V'i(p)y 

(a + &)" 2„ 2 ,„ 2 „ ^ 2,2Y-log^P 



p>y m=2 j=0 

p>Vm=2 ^ p>V ^ 

^ C{a + b)H^ \ogV ^ C{a + b)t^ 



It is easier to see that the contribution of the terms of Gi which do not involve 
the functions i'i{p) to L4.2 are majorized by 

(10.28) c{a + b)t'J2H^^ 



Summarizing p0.2ip - ()10.28p we have proved 
Lemma 11. < exp min(l, t^; 



Comparing the above with (|10.15p - (|10.16p we see that (|10.15p - (|10.16p remain 
valid if we multiply them by Gi{it, —it)/G{0, 0). This proves the final result of this 
section; 
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Lemma 12. \D{it,-it)\ < max(l, \t\)-''''+''^/'^D{Q,0) for any realt. 

Together with pO.ip this imphes 
Lemma 13. \D{s, -s)\ < e^^niax(l, \t\)-^''+'>^/^D{0, 0) for seC. 

11. Estimate of l2- Evaluation of / 

In this section we wiU estimate the integral /2,i based on formulas (|9.3p - (|9.5p . 
using Lemmas HI and [T51 

First we obtain from the above lemmas for s (z C by j < d < min(a, b) < K , 

V < Vk 

(11.1) 

1^1 ^=0 1=1 I'^l 



max(l, ^\Y+^ W 



« e^^iCK' log2 Ny ■ 'Jl^D{0, 0). 

Integrating the above upper bound along £' we obtain 
(11.2) CjiHuH-i) « e^^(Cif2iog2iV)^5-("+''+i)i?(0,0). 

Finally, summation over j < d ~ 1 yields in (|9.4p by i? 3> N'^ 

^''■'^ id^l logi? 

^ eC("+") L>(0, 0) (log R)'^- 1 ( log2 Ar)«+^+i 



(d-1)! 

i:'(0,0)(logi?)''+"+^ f CK^^Hog ^N'- '"^"^'^ 
{d + u + vy. \ logi? 

i:'(o,o)(iogi?)'*+"+'' 



{d + u + vy. 
This implies by ^J^i and ([Q]) 



-(logTV)-^/^". 



(11.4) /, « ^(»'Q)(^"g^^7""(logiV)-^/^" + e-^VIHi^. 

(a + li + w)! 

This yields by Lemma[7]the final asymptotic evaluation of / in (|6.22p by D{Q, 0) 
G(0,0) as 

(d + w + u)! V V log^ J J 

where 

,11.) G,o,„).nfi-^)nfi-i^'"-^'""' 



thereby proving Theorem [H 
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12. A BOMBIERI-VlNOGRADOV TYPE THEOREM 

In the present section we will prove a modified Bombieri- Vinogradov theorem, 
where the examined moduli are all multiples of a single modulus M. It would 
facilitate our task if we were entitled to use the following hypothesis. 

Hypothesis S{Y). If L{1 — S,x) = for a S > and a real primitive character 
xi'cnodq), q <Y, then 

(12.1) J > 

^ ' - 31ogF 

for Y > Cq, an explicitly calculable absolute constant. 

We note that we have the effective unconditional estimate ([1], [H]), valid for 

q > qo- 

(12.2) 

vq 

A further observation (similar to that of Maier [M]) is that by the Landau-Page 
theorem (cf. Davenport [U §14]), with some constant c in place of 1/3, or Pintz [T7] 
with (1/2 + o(l))) for any given Y there is at most one real primitive character xi 
which does not fulfill (|12.ip . This makes it possible to turn Hypothesis S{Y) into 
a theorem, valid for a sequence Y = Yn oo (for n > uq, an explicitly calculable 
absolute constant) with 



(12.3) y„ < exp (^V^ 

In order to show this, suppose that (|12.ip is false for a sufficiently large Y' , i.e. 
by (|12.2p there exists a xi modgi < Y' such that L{1 — Si,xi) = with 

(12.4) < min ( ^,co ) < (5i < ^ 



Y' - J - SlogF' 

Let us choose Y > Y' in such a way, that 

(12.5) Y = exp (^) ^ Si ^ 



3(5i/ 3 logy 

Then for any other zero 1 — (^2 belonging to a real primitive X2 mod (72, 92 < Y, we 
have by the Landau-Page theorem in the version of Pintz [17j 

(12.6) max((5i,(52) > — ^—^ ^2 > ^ 



3 logy 3 logy 

Now, (fmi) - pT^ show that (fTTT]) is true for a value Y = Y satisfying 
(12.7) y < y < exp(\/y'/3). 

We can formulate this as 

Lemma 14. Hypothesis S(Y) holds for a sequence y„ — s- cx) with 



(12.8) y„ < exp {VY^i) 

where Yq can be chosen with Yq < Cq, an explicitly calculable absolute constant. 

An alternative to this Lemma and this approach would be to use Heath-Brown's 
theorem [10] (but only in case of Theorem 1) according to which either 

(i) S{Y) holds for every Y > C, with some absolute constant C, 

or 

(ii) there are infinitely many twin primes. 



24 



D. A. GOLDSTON, J. PINTZ AND C. Y. YILDIRIM 



The significance of the real zeros in Hypothesis S{Y) is that a similar inequality 
holds with Re g in place of 1 — d and with a constant cq in place of 1/3 if Im g is 
not too large: this is the standard zero-free region of L-functions (cf. Davenport [21 
§14]). 

Lemma 15. There exists an explicitly calculable absolute constant cq < 1/3 such 
that L{s, x) ^ m the region 

(12.9) a>l 



\ogiq{\t\+3)y 

apart from possible real exceptional zeros of real L-functions. 

Now we are in a position to formulate and prove the following theorem (which 
is similar to but stronger than Lemma 6 of Maier [II]). 

Theorem 6. Let c* be an arbitrary, fixed constant. Let Y = Y{X) be a strictly 
monotonically increasing function of X with 



(12.10) exp(2ViogX) < Y{X) < X. 

Then there exists a sequence Xn oo satisfying Xi < Cq, an explicitly calculable 
constant, with the following property. Let X = Xn, iL — logX, M be a natural 
number < mm{y/Y{X)/4:, X^/^) , 



(12.11) Q* = X'^/^M'^ exp ( - c* y/logX) 

(12.12) 



E*(X,q) := max max \E(X,q,a)\ max max I > logp 

x<X {a,q) = l 'I x<X(a,q) = l\ ^ Loiq) 

p<x 



p=a(mod q) 



Then 



(12.13) E « §^^^exp(-c.^-^), 

(g,M) = l 

where C2 — min(c*/6, co/4). 

Remark. The above theorem holds with any X, for which S{Y{X)) — S{Y) is true, 
i.e. 

(12.14) L{s,x)^0 for ,s e (^1 - 1 

holds without exception for all real primitive characters x mod q, where 

(12.15) q<Y = Y{X). 

Proof. We will choose our sequence X„ = Y^^{Yn), where Yn is the sequence 
supplied by Lemma 14 (for which S{Y) is true) and Y~^ is the inverse function of 
Y{X). Alternatively, if (|12.14p - (|12.15p hold, then we can choose X as an arbitrary 
sufficiently large number. In both cases S{Y), i.e. (|12.14p - (|12.15p hold. Using 
the explicit formula for primes in arithmetic progressions with T* — \[X log^ X 
{g — 13 + i'j = 1 — S + ij denotes a generic zero of an L- function) we obtain (cf. 
Davenport [2 §19] for any a with {a,q) = 1, q < Q* , y < X the relation 

(12.16) E{y,q,a) = -J-J2x{a) ^ ^-^ + 0{C'Vy)- 

'''' .>iAhl<T- 
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The effect of the last error term is clearly suitable, 0[Q* C^\/X) in total. We can 
classify zeros of all primitive i-functions modgM < Q*M, {M \ M), up to height 
T* into 0{£j'^) classes B{k, A,/i, i') by Lemma 15, as 
(12.17) 

kcq (k + 1)co' 



M e [Ma/2, Ma), q e [Q,J2, Q,), 7 e [T,,/2, T^), ,5 e 
where 



(12.18) Ma-2^<2M, = 2''<2Q*, = 2'^ < 2r*, < ^, 



with the additional class of index 0: 7 G [0,1) = [0,To). The set of quadruples 
K, A, n, V satisfying (|12.18p with //>1, /i>0, A>1,k>0 will be denoted by B. 

In this case we have clearly by (|12.16p . similarly to Davenport 2, §28], 
(12.19) 

V i.*(X,,M)«^i:« max ^-(1-^.MaQ.,T,)^_,,, 

(g,A/) = l 

where 

(12.20) iV*(a,Q,T)= E E E 

Q/2<9<Q x(</) „.'^=^f.„ 
X primitive P>'^.l7l<-' 

We will see that, in order to prove our theorem, it will be enough to prove for any 
quadruple 5, M'Q,T with the property (cf. (fTT^ . (|12.14p - (|12.15p ') 

<(5<i, 2<M'<M, 2<Q<Q*, 1 < T < T* or 



log(QA/'T) - - 2' 

(12.21) ^2^<^<i, 2<M'<M, Q<V7, T = ro = l, 
log y 2 

0<5<i, 2<M'<M, Q>VF, T = To = l 

the crucial inequality 

(12.22) N*{1 - 6,M'Q,T) < r^gTX'' exp(-c log X/ log F) 

with some positive absolute constant c. The first line in (|12.2ip is meant to cover 
all non-real zeros, the second and third lines are meant to cover the real zeros. 
We will use Theorem 12.2 of Montgomery [IS] 

(12.23) N*{1 - S, Q, T) < (Q2r)iTr (log QTf. 

(We do not need for the range (5 < 1/5 the stronger inequality of Theorem 12.2 
of [15] with the exponent 35/(1 + 5) replaced by the smaller 2(5/(1 — 5).) Since 
3(5/(1 + (5) < 1, (|12.22p will follow if we can show 



(12.24) M^^{Q)T+^-^ < x^e-"^^^"^ with C2 = c* /Q. 

Since in the range < (5 < 1/2 we have — 1 < 2(5, this is true by the definition 
Q* = X^/^M-^ exp(-c* VIogX), if (5 > 1/12. 
In case of (5 < 1/12 we have by (|12.23p 

(12.25) N*{1 - 5,M'Q,T) < {QTf^M^^. 

If we have here QT > exp(-yiogX), then (|12.25p directly implies (|12.22p . since 

(12.26) N*{l-6^K'fQ,T) ^ ^Qr^yi^^^s ^ exp ( - V^/^)- 
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If (5 < 1/12 and QT < e^^°s^ < VY, then 6 > co/log(A/QT) or S > 3^ > 
by I|12.14p - p2.15p . since the modulus of the corresponding primitive character 
is qM < AQM < Y. Hence, 

(12.27) < X ' < exp mm , , — 



exp 



Co logX 
8 logVF 



Remark. The condition for Q* could be weakened to Q* < X^/^M ^ exp(-c/(X, ¥)) 
but this has no significance in our apphcation. 

13. Proof of Theorem [5] 

The method of proof of Theorem \E\ is quite similar to that of Theorem HI The 
basic difference is that instead of the trivial problem of the distribution of integers 
in arithmetic progressions we have to use properties of the distribution of primes 
in arithmetic progressions. Since we have to consider the (weighted) sum of the 
error terms in the formula for the number of primes in arithmetic progressions, the 
Bombieri- Vinogradov theorem can help us. However, due to the relatively weak 
estimate of the original Bombicri-Vinogradov theorem, it does not lead to better 
results than liminf(p„_|_i — p„)/logp,i — 0. That is partly why we need to use 

n — *oo 

Theorem 6 instead. Our situation is even more complicated here, since we need 
the moduli of the progressions to be the multiples of a number V. Fortunately 
our present Theorem [H] solves this problem in a completely satisfactory way, even 
without loss if _P = M < exp((l + o{l))y/logN) which is now the case hy V = 

We will suppose that N = X„/3, n is sufficiently large, and M = P in Theorem|6l 
(If we use Heath-Brown's theorem [10] we may assume Hypothesis S{Y) for any N 
and then TV can be an arbitrary, sufficiently large integer.) 

In the course of proof we will follow closely the analogous proofs of Propositions 4 
and 5 in Sections 7-9 of [7j, so we will sometimes omit details. Let 

(13.1) &{x;q,a):^ ^ \ogp = [ia,q) = 1]-^ + E{x;q,a), 

p=a(mod q) 

where [S] is 1 if the statement S is true and if is false. We have for a regular 
residue class a with respect to H and P 

(13.2) 

2N 

SR{N-Hi,H2,li,t2,P,a,ho):^ ^ Aj^(n; Hi, £i)Afl(n; 7^2, ^2)e(n + /io) 

n=Af+l 

1 / / R^^^'^^ 



{K+£i)KK+i2y- 



,e<R \ / \ / l<n<N,n=a{modP) 

d|P„j(n),e|-PH2(") 



Md)A*(e)(log-j flog-j J2 Sin + ho) 



For the inner sum, we let d = aiai2, e = 02012 where (d, e) = ai2, and thus 
oi, 02, and ai2 are pairwise relatively prime. We may suppose in the following 
(d, P) = (e, P) = 1, otherwise the last sum would be zero, since by the regularity of 
a we have {P-Hi {n), P) — [Ph2 ("-): J^) = 1- The n for which d\P-}ii (n) and e\Pu2 ("-) 
cover certain residue classes modulo [d, e]. If n = &'(mod 0102012) is such a residue 
class, then letting m = n + ho = b' + /io(modoi020i2), b = 6'(mod 01O2O12), 
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b = a(niodP) we see this residue class contributes to the inner sum 
(13.3) 

0{m) = e{2N + ho; aiaaOiaP, b + ho) - e^N + ho; aiOsaiaP, b + ho) 

N+l + ho<m<2N+ho 
m=b~\-ho (mod aia2ai2-P) 

= [(& + ho, aia2auP) = I]—, + 0{E* (37V, aia2auP)) ■ 

We need to determine the number of these residue classes where {b+ho, aia2ai2P) = 
1 so that the main term is non-zero. The condition {a -\- ho, P) = {b + ho, P) = 1 is 
equivalent to a being regular with respect to Ti.'^, since a is regular with respect to 
Ti. Thus we will assume from now on that a is regular with respect to Ti.'^ . If p\ai 
then b = —hj (modp) for some hj G Tii, and therefore b + ho = ho — hj (modp). 
Thus, if ho is distinct modulo p from all the hj G Tii then all Vp{7ii) residue 
classes satisfy the relatively prime condition, while otherwise ho = hj {mod p) for 
some hj G Tii leaving Vp{7ii) — 1 residue classes with a non-zero main term. We 
introduce the notation Vp*{T-Li) for this number in either case, where we define for 
a set Q 

(13.4) V(e) = i^p(e°)-1. 
and 

(13.5) g'' = g^{ho}. 

We extend this definition to i'd*{'Hi) for squarefree numbers d by multiplicativity. 
(The function Vd* is familiar in sieve theory, see [5].) The same applies for i''^{H2) 
and I75((7^in7^2)), as in ((^ . 

Since E{n; q, a) ^ (log A^) if (a, q) > I and q < N we conclude 

(13.6) 

J2 e{n + ho) = Va,* {ni)Va, * {n2)Va,2 * ((HlHWa)) 



N 



N+l<n<2N,n=a{P) 
d|P«i(n),e|P„2(n) 



(aia2ai2P) 



+ 0{dK{aia2ai2) {\E* {3N; aia2ai2P)\)) ■ 

Let ^'^•^ denote that the summation variables are relatively prime to P and to 
each other. Substituting this into (|13.2p we conclude by ii < K 

(13.7) 



SR{N;ni,n2,ii,i2,P,a, ho) 

N ^ (P) ^iial)^^{a2)n{al2)^<i'Hl)va*AH2)lya^; ((HinHa)) 



f{p){K+ei)\{K+e2)^. 



o 



N 



aiai2<R 
a2ai2<R 



(logi?)^^ J2 dK{aia2ai2)E*{3N;aia2ai2P) 



(0102012) 



X lo. 



R 



01012 



log- 



R 



a2ai2 
\ 



V 



a2ai2<R 



J 



v{P) 



rR{ni,n2,ii,i2,ho) + o {{\og r)^''£k{n)) 
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Using the notation i?,^ = Q*, wc obtain from Theorem [H] by the trivial estimate 
\E{X,Pq,a)\ < 2q-^p-^XlogX (for Pq < X), LcmmaEland by Holder's inequal- 
ity with parameters a = u + 1, f3 = {i' + where v E Z+, c'\og{K + 1) < 
f < c" log (if + 1), uniformly for K < (log A^)/(2C), {J2^* means summation over 
squarefree integers which are relatively prime to P) 

(13.8) 



\£k{N)\< J2'*dK{q)E*{3N,Pq) 1 

q<Q* q=aia2ai2 
< E '*d,iq)d,iq)E*im,Pq) = ^ ^ ■ q^/ ^ E* ^ Pq) 

q<Q' q<Q' ^ 



< J2 ' y-^KWr ^ '*q'^/PiE*{3N,Pq)r 



/ 1 \Ca: / b 

< l + -logAr) {6NP-^\og3Ny/^''+^U E E*{3N,Pq) 



CK 

-~q<Q' 

< [logNf^+^NP-^eyi^ 



C2^\0gN 



< NP-^ exp ((CX + 1) log2 N-C2iiy + 1)"^ yiog 



N 



<iVF-exp(-c-^^ 



log(if +1) 
Since, by (|3.24|) . K satisfies the inequality 



(13.9) Klog^N <cy/\ogN/\ogK. 

From (|13.9p we have, finally 



(13.10) {\ogRr^\£KiN)\ < p-'Nexp (^-c^-^^^) . 

So, our task is reduced to the evaluation of Tr which is very similar to 
in (|6.22p . Due to the more general treatment of 7^ in Section 5 than needed, the 
crucial part, the error analysis will remain the same. The difference will be only the 
fact that we have now tp{aia2ai2) in the denominator in (|13.7p in place of 0102012. 
Therefore '^iff. has to be replaced by (-pl'^^pa- in the definition of P(si,S2) and 
G(si, S2) in ()6.5p and (|6.1ip (where Si — si, S2 or S3 = si + S2). However, factors 
of type (1 — remain unchanged, since they arise from the zeta-factors. 

Summarizing our results above we have 
(13.11) 

SR{N;Hi,n2,ei,£2,p,a,ho)^——TR{h,e2;ni,n2)+oi-cxp(- ^ ^ 



where 

Iff R"^ R"^ 

(13.12) T«(£i, £2,^1,^2) := / / FisuS2)-j^^-j^^ds^ds2, 



(27rz)2 

(i)(i) 



'1 ■='2 



(13.13) F(si,.2):=n (1 ''^'^ '"^''^ ' "'^''^ 



p^y V {P ~ {P - 1)P"= {P - 1)P"^ . 
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and for this paragraph we have with notation (|6.2p {i = 1,2) 

(13.14) iy^{p) ^ iy;{H,) = iyp{H^) - I, V:i{p) = ^^{{711^2^) - l- 

To factor out the dominant zcta-factors we write now, in place of ()6.8p 

(13.15) F{s,,s,) ^ Gn.^nAsi.s,) ^^^ ^ s^r'i\-\{l + .2)1"^!-^ 
and define accordingly Gi (1 < i < 4) as in (I6.9p - (l6.1ip with 

(13.16) a=\n1\-l, b=\Hl\-l, d= |(Hi nH2)°| - 1, 

and with i'i{p)p~'^^ / {p — 1) in place of Vi{p)p~^~'^^ . 

Similarly to Section 9 of [7] by symmetry we have to consider three cases: 

Case 1. ho ^ H a = K, b = K, d = r. 

Case 2. /iq e Hi \ 7^2 a = K - 1, b = K , d ^ r. 

Case 3. /iq € Hi n H2 ^=4> a = ii:-l,6 = /'i:-l, d = r-l. 
(Cases 1 and 3 are basically the same.) 

Since the resuhs of the previous section are more general, they apply to the 
error analysis here and we only have to evaluate G(0, 0) in Cases 1-3. Similarly to 
Section 9 of f we have by (|13.14p 

(13.17) 1^1 (p) + iy2{p) - Mp) = yp[nl) + up[nl) - Vpinlml) - l = yp{7f) - 1, 

(13.18) a + b- d^\n^\^l. 
Hence, from the analogies of (|6.9P " (|6.1ip we have now 

, _(|H°|-1) . p 



(13.20, G.(0.0,= nfl-^=f^)(;^ 



■}>V 



\H"\-l 



Taking into account the term ipiP) in the denominator in p3.1ip we obtain 

Further we have by the comparison of (113. 12p . (113. ISp and ()6.22p 
(13.22) 

u = K + ti-a = K + l-\nl\+li, v = K+\-\nl\+i2, d=|H?nH^|-l. 

The evaluation (|11.5p of the crucial integral / defined in (|6.22p yields in our case 
p3.lip - p3.i5p the relation 

(13.23) SR{N-ni,H2ji,l2,P,aM) = 

^ ,, G(o,o) ("r)(iog-R)^+"+" (l + O^^^* ^ 



ip{P) {d + v + u)\ \ \ logi? 

N 



\f{P) 

Let us observe that on the right-hand side the residue class a does not appear 
at all. Therefore we can add this together for all |yl(7i°)| regular residue classes 
a(mod P) with respect to and P, since the contribution of those with (a + 
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ho,P) > 1 is zero, as mentioned after (|13.3p . Taking into account the trivial 
relations (ITT5l) - ((TTCl) for n° in place of H we obtain from (113. 2ip 

aeA{n'') ' p<v ^ ^ ' 

- n (i - ^) (i - ^) • = 

Inserting this into (|13.23p we obtain by (|13.1ip 

(13.25) §fl(7V;7^i,7^2,£i,^2,P,/io) ^ ^^(iV; Hi, H2, 4, ^2, S, /iq) 
^ ^^^ ("+")(logi^)'^+-+"6(7^") / ^ ^ J* log2 TV 



(d + w + w)! V V log-^ 



+ O iVexp -cmin v^log i?. 



^/fo^ 
log2 iV 

Now, from a brief examination of the values of the parameters a, 6, d in Cases 1, 
2, 3 (after (|13.16p ) and (|13.22p . we see that 

("+") (log i?)'i+-+" (^^t^^) (log i?)'-+^i+^^ 

The relations p3.25p - p3.26p prove Theorem [5] 

14. The sum of the singular series 6(7Y) 

Let 

(14.1) BA(k)^B(k)^ ®(^)' 

\H\=k.H(lA 

where all sets H, = {/ii, /i2, . . . , hk\ ^ ^ ^ [1, N\ are counted with fc! multiplicity 
according to all possible permutations of /i^, and — h. 

By Gallagher's theorem [5] we have for fixed k and ^ = [1, /i] as /i — ^ cx3 

(14.2) BA{k) = h''{l + Ok,e{h-^+')). 

This is not uniform in k but up to some level k < f{h) one could still show 
BA{k) ^ ■ However, we will use here a completely different approach. We do not 
prove (|14.2p . just (see Lemma 16) the weaker relation that Bj\^{k)/h'' is, apart from 
a factor l+o(l), non-decreasing as a function of fc, at least as long as fc = o{h/ log h). 
This result is fortunately completely sufficient for our purposes. 

Further, our method is much more general and works for any set A with A C 
[1,7V], \A\^h. 

We remark that the asymptotic Bj({k) ~ is probably not true if A is arbitrary 
and even for A — [1, /i] it might fail if fc is as large as h/{logh)^ . 

Let c be an arbitrary small constant, h, z, N and Z sufficiently large, 

fc < log TV, < z = log" N, 

(14.3) ^ 

= r-yz) = 

(14.4) Q:=Q, :={n;(n,P(z)) = l}, M := ^ 1 = |. 

l<n<Z,neQ 



P(z)-[]p, r-n^JlA-i) -e^logz, 
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Then we have for a fixed set Ti, consisting of k distinct elements hi G [1, -/V] , similarly 
to Section 6, the density of 2;-quasi-prime tuples of pattern Ti, using (6.6): 

(14.5) 



z=l 

p«(i)eQ 



p<z 



p<2 



1-i 
P 



O 



\ 



\ 



ptA 



r-'=S(H)exp o fc^ 



logp 



y"''6(7i;)cxp I o 



log TV 



z log Z 2 log z 



z log z z log 2; 
uniformly in k,h, z, N satisfying (|14.3p . if c is fixed. Let further 



1 



loffiV 



(14.6) 



1 



g^(fc) 



|-H|=fe,-HC^ 

Lemma 16. If k < e{h)h/ \og2 N , then 

(14.7) ^::i(fc + 1) > S*^ik){l + 0{e{h)) + . 
Proo/. For i G [1,Z] let 

(14.8) /. = E 1, ^'.-fe.W -/.(/— l)...(/.-fc + l). 



Then 5j(A;) is the number of all /c-tuples of z-quasiprimes of type i + aj^, aj^ G A 
{h' — 1, . . . , fc, 1 < ji, < h, 2v distinct), calculated with all k\ permutations, while 
/i is the number of z-quasiprimes of the form i + aj. We have obviously for every 
pair i,j E [l,h] 



(14.9) 
therefore 

(14.10) 



f; > fj bj 



z z 
. z T, hT,bi 

z ^ - z 



The above formula follows from 

/ z z z \ 

(14.11) 2 Z^6J,-^/,^6j =EE(/'-/^)(^*-^^)^0- 



z z 



i=l i=l 



1=1 j=l 



We have further bi{k + 1) = bi{k){fi ~ k) — bifi — kbi and by calculating in two 
different ways how many times all pairs i, Ti {\H\ = k) satisfy the relation Pnii) G Q 
we obtain 

(14.12) z-^Y.h{k) = z-^Yl E i = ^"'E E i=E^(^)' 



=1 \n\=k 

Pn{i)eQ 



\n\=k 1=1 



\n\=k 
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while 

(14.13) 7E/^ = 



hM h 



Z Z Y 

" 1 



Thus (|14.10p and (|14.13p imply by bifi = 6i(fc + 1) + kbi that 

(14.14) 1 ^ 6,(fc + 1) + . 1 ^^(fc) ^ 7 4 £ 

1 Z — 1 2=1 

Hence, using (|14.12p . we obtain 

(14.15) J2 m)>(y-k) J2 

|-H|=fc+1 ^ ^ \'H\=k 

Multiplying by Y^^^ on both sides, we obtain by (|14.5p 

(14.16) E em > . (l + O (f ) + O (^)) E 6(7i). 

Now dividing by h^~^^ on both sides we obtain ()14.7p by F ^ log2 N . 

15. Proof of Theorem [T] 

Theorems m and [5] allow us to express the quantity S'j^{N , K , £ , P) in (|3.20p in 
terms of 

(15.1) ^;^(fc) = 5*(fc):=M^:= J_ J2 6in), 

\H\=k, HCA 

where we consider two sets Ti. and Ti.' different if they contain the same elements in 
different permutations. The value of the parameter k will be between K and 2K +1 
since in the application the sum (jlS.ip will refer to sums of type H ~ Hi U 7^2, 
iHil = K, or to 

The derivation of the proof of Theorem [T] from our present Theorems [Hand [5] will 
be nearly the same as that of the main result (Theorem 3) of [7] from Propositions 1 
and 2 in [71, which appears in Section 10 of [7], so we will be brief. Although the 
restrictions for K and h will be quite different here, nearly everything will be valid 
without any change in the present case. Our analysis refers now for the case v = 1 
of Section 10 in f^. 

Let us choose, somewhat differently from [7], 



(15.2) i? = (3iV)^ = (37V)3"«, e = c/v/logiV, y = VlogiV 

(15.3) K = + if = 16ip-^ <=^e+l^ip-^ ^ Vk/4: 

K logi? lOOlogi?^ 251ogiV 

(15.4) X = —— = — - — h = 



100 h K \ K 

(15.5) ra = {l-2^)K, ri = {l-^)K 



(15.6) /(-)-^J (. + l)...(. + 2^) ' ^-*=nrax(Vi.,i.-0, t(.) = - 
and suppose that our crucial parameter K satisfies 



(15.7) K < Co ^ , 

logaAf 

with a sufficiently small (explicitly calculable) absolute constant cq. 
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In the course of the proof of our present Theorem [T] (similar to Section 10 of 
[7]) a very important role is played by the fact that although the sums evaluated 
in Theorems 4 and 5 depend on the actual choice of Tii and Ti.2, the asymptotic 
formulas for them depends just on the set H = Hi U'H2 and on the size of Hi nH2- 
On the other hand the size of the error terms may depend on the actual choice of 
Hi,H2 and H. This dependence is made explicit in our present refined version, at 
least in the sense that we show an asymptotic which is more precise if r = \Hi nH2 \ 
is near K = \Hi\. 

We have seen in [7] that taking any given set H of given size k — 2K~r £ [K, 2K] , 
we can write it in 



(15.8) {2K-r)\ 

ways as the union of two sets Hi and H2 of size K, \Hi n H2I = r if we consider 
sets Hi and H'^ different when the permutation of the same elements is different 
(cf. (10.4) of [7j). Now we can apply Theorems H] and [5] in order to obtain similarly 
to Section 10 of |7I 

(15.9) S'„iN,K,i,P) = PVlogi?)^^P* (x) 



with 
(15.10) 

'4X(l-f) 



r=0 \ 



1 + 0(772) +X 




+ 2e + i 

where the error terms arising from Theorems |H [S] and Lemma are now 

Kf* log2 N 4K^/H{r)log^N 1 
^''■''^ logN bi]v ' ^^ = i^' 

and by our choice of O in p5.2|) we have 

(15.12) ^ = 4 + 0(ry3), % = 

We will examine the quantity in parenthesis after x in (|15.10|) which is clearly 
monotonic in r (apart from the error terms). We have now by (|15.3p - (|15.6p for 

r < n = A' - (pK = K - A^/K ^ t{r) > 1: 



(15.13) r + 2e+l<K- t{r)ipK + — = K (l - t{r)ip + - 

2 V 8 

and therefore 

4(1- V) X 1 / "iX 

^^^■^^^ r + 21+ 1 " e + ^^"^'^ > ^ [^^''^ " 8 j ^ + ^^'^^ + '^''^ 

>il 3 Ct{r)K^/Hog,N C 

VK 8 logN VbiW 

by t{r) > 1 and (fTFT]) . 

On the other hand, as in (10.24)-(10.25) of f7], the contribution of all terms 
T2 > fi to f{x) is bounded by 

(15.15) e-^/(ro)maxS'*(2A:-r), 

r>ri 
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because /(r) quickly decreases for r > ri. (These are the terms where the quantity 
in parenthesis after x in (jlS.lOp may be negative.) We have, for any r > r2, 

ra<r<r2 \ 

< (0.81)«^ = e-i-6^. 
However, all terms r < ri have a positive contribution and that of r = tq is at least 

1 




(15.17) /(ro)5*(2if-ro) 1 + 



log^iV 



Now the quasi-monotonic property, Lemma [TCI implies 

r>ri 

Consequently the positive term belonging to rp dominates all possibly negative 
terms belonging to r > ri and therefore we have 

(15.19) PrA^) S'j^{N,K,e,P) > 0. 
This, by (|3.20p . proves the existence of some n £ [A^ + 1, 2N] with 

(15.20) logP > log(3^)' 

and thereby the existence of two primes p' ,p" £ [A^ + 1, 3iV] with 

(15.21) Oy^p" -p' £A-A. 

This proves Theorem [T] if we choose K maximal, satisfying the restriction (|15.7p . 
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